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Abstract

We derived the analytical solution of the eigenvalue problem for stereo-regular vinyl chains, such as stereo-regular polypropylene chains.
The solution is applicable to all stereo-regular polymers of the type (AB), which do not have symmetry between gauche™ and gauche ™
states, and to polymers, such as polyoxymethylene or polydimethylsiloxane, for which symmetry between the gauche™ and gauche ™ states
does exist. For symmetric chains, the general solution of the eigenvalue problem is reduced to the known solution for polyoxymethylene
chains. To illustrate the method the calculations have been performed for the three rotational states (trans, gauche* and gauche ™) model, but
the general algebraic solution is applicable for any v rotational states models of polymer chains. We used the analytical solution of the
eigenvalue problem to calculate numerically elastic properties of stereo-regular polypropylene chains within the framework of Mark—Curro

theory (J Chem Phys, 79, 5705, 1983).
© 2005 Published by Elsevier Ltd.

Keywords: Eigenvalue; Mark—Curro theory; Rotational state

1. Introduction

The rotational isomeric state (RIS) model is one of the
most important achievements in polymer science. It is based
on rigorous statistical mechanics approach and it allows the
calculations of various conformation-dependent macromol-
ecular properties. Foundations of the rotational isomeric
state model have been built by Flory in his classic
monograph Statistical Mechanics of Macromolecules [1].
Important contributions to the early development of
statistical mechanics of polymers were also done by
Volkenstein [2]. The work on the rotational isomeric state
model initiated by Flory [1] has been successfully continued
by Mattice and Suter and presented in the seminal book
Conformational Theory of Large Molecules [3] that shows
the state of the art of the RIS theory. The major result of the
RIS theory is the reduction of the continuous conformation-
al space to a discrete space, based on the bond rotational
potentials for polymer chains. Using this reduction, partition
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function calculations are treated as an algebraic problem,
which is mathematically more tractable.

Another significant simplification (for sufficiently long
chains) can be performed by applying matrix eigenvalue
techniques for the derivation of chain statistics. The largest
eigenvalue method is a very powerful tool, which provides
the analytical solution of the RIS model in the limit of
infinite chain length. The method has been previously
applied to the solution of the RIS for simple symmetric
polymer chains of type (A),, such as polymethylene chains
[1,4], and to symmetric polymer chains of type (AB),
having symmetry between gauche™ and gauche™ states,
such as polyoxymethylene (POM) [1] or polydimethylsi-
loxane (PDMS) [5]. We note that x is equal to n/2, where n is
the number of bonds.

In the present paper we extend the largest eigenvalue
method to asymmetric polymer chains of type (AB),. A
well-known polymer of this type is polypropylene (PP).
Here, we restrict our analysis to stereo-regular chains with
periodically repeating dyad conformations, such as isotatic
d, isotatic [ or syndiotactic chains. Our analysis does not
hold for atactic vinyl polymers.

The structure of the paper is as follows. We first present
the foundations of the RIS for asymmetric (AB), chains. In
Section 2 we show in detail the solution of the eigenvalue
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problem for stereo-regular (AB), chains. As a special case,
we also include the known solution of the largest eigenvalue
method for symmetric (AB), chains, such as polyoxymethy-
lene (POM). In the final part of the paper we apply the
analytical solution of the eigenvalue problem to calculate
the elastic properties of stereo-regular polypropylene chains
within the framework of the Mark—Curro theory [6,7]. We
also discuss possible future developments of the theory.

2. Statistical weight matrices for asymmetric polymer
chains

In the rotational isomeric state (RIS) model of polymer
chains, bond lengths and bond angles are kept fixed, and
there is a limited set of allowed torsional angles. For
example, in the simplest case of polymethylene chains the
RIS model assumes that there are three torsional states:
trans (1), gauche™ (¢¥) and gauche™ (g~ ). The chain
conformation of a polymer is thus characterized by the set of
torsional states of polymer bonds. This approach greatly
simplifies the statistical mechanics of chain molecules by
reducing it to a purely algebraic problem.

If Ey,; denotes the energy associated with the bond i
being state 1, and the bond i — 1 in being in state {, then the
statistical weight u, ; is defined as [1]:

—Egy,
v . = = 1
gy, exp( = ) (M

The statistical weights then can be written as a statistical
weight matrix U;=[ug,];.

For the case of polymethylene chains the statistical
weight matrix can be written in the following form [1]

1 o g
U=1|1 oy ow (2
1 ow ay

where o=exp(—E//RT), E, is the difference between
energies of gauche and trans states, and ¥ and w are related
to energies of g+ and g~ pairs.

The RIS model is easily applicable to polymer chains of
the type (AB),. For symmetric chains, instead of the single
matrix U, there are two types of statistical weight matrices:
U, and U, with the subscript a referring to the A— B bond,
and subscript b corresponding to the B— A bond [1].

1 o g 1 o g
U,=1|1 ay, ow,|; U,= 1|1 ay, ow, 3)
1 ow, day, 1 ow, oy,

Symmetric polymer chains, such as polydimethylsilox-
ane (PDMS) or polyoxymethylene (POM) have symmetry
between the gauche ™ and gauche ™ states.

The presence of an asymmetric center in a chain
molecule distinguishes between the handedness of the

rotations around skeletal bonds. Because of this handedness,
frequencies of states corresponding to the left and right
rotations differ.

For asymmetric vinyl chains (-CHR-CH,-), such as
polypropylene (with R being CHj3) there are two different
statistical weight matrices corresponding to different
stereochemical configurations. If R groups is located in
the front of the plane formed by the skeletal bonds of the
fully extended chain we name the corresponding carbon
atoms d centers, while C atoms connected to R groups
located behind this plane are named / centers [1]. Since any
180° rotation about the vertical axis of this plane changes d
centers to [ centers (and [ centers to d centers) the
stereochemical configuration of a given center is defined
relative to its neighboring centers. Therefore, the pair Il is
equivalent to dd due to symmetry, but differs from the pair
Id (or dl), since such a symmetry operation cannot be
applied. Such stereochemical neighbor pairs are called
dyads.

For dd dyad the two statistical weight matrices are [1,8]
U’; corresponding to the CHR— CH, bond, and U”,,
corresponding to the CH, — CHR bond [1,8]:

nw Tw 1

Ugg= | 1

A
U=|7n 1 10l TW W “4)

n w T nw 0 w

The statistical weight matrices for // dyad are [1,8]

11 nw 1 7w
U= n T owl; Ui=|nw o 0 (5)
n Tw 1 n W TW

i.e. matrices U’; and U”; are equivalent to (U’,)” and
(U"10)", respectively, [1,8].

For the syndiotactic chains the following matrices are
employed [1,8]

N W Tw N Tw
Uy=|n0 1 to|; U;=|n 0 w 6)
nw o 0 nw 1w 1

The statistical weight factors 1, 1 and 7 in the first row (or
the diagonal) of U’, can be interpreted as resulting from the
first order interactions associated with 7, g* and g~ states
about bond i. The second order interactions are associated
with statistical weight factors w and 7. A more detailed
discussion of these statistical weight matrices and their
relation to the bond rotational potentials is given in Ref. [1].

For the isotatic polypropylene these matrices repeat
regularly in the form (U’; U’ ;,), where x is the number of
dyads, so one may combine them into a single matrix [1,8]
[

isotactic

The above equation applies to dd dyads, but for // dyads
corresponding equations have a similar form.
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For simplicity we will use a shorter notation U, and U,
and U® which describes both dd and Il dyads with Ref. [1,8]

u? =U,U, (8)

In the case of syndiotactic chains, however, matrix U@
equals: U'; U’ ;Q, where

1 00
Q=10 0 1
010

is the matrix that interchanges rows and columns corre-
sponding to the states g+ and g [1,8]. The isotactic d chain
is composed of the sequence of preferred conformations
(g+t)(g+t). ..or(tg”)(tg™)..., the isotactic / is composed of
preferred sequences (g~ 1)(g " 1)... or (tg*)(tg™)..., while
the syndiotactic chain is composed of preferred sequences
(g g (g g ... or (1)(g™ g )t)(g~g T )(t)...., or
all-trans (tf)(tt)... sequence [1,8].

The partition function of the chain within the rotational
isomeric state model framework is [1,8]:

z=J U1y ©)
where J* and J are vectors defined as
J=[1 0 0] (10)
and

1
J=11 11)

and x is the number of dyads in the chain.

3. The largest eigenvalue method

Before proceeding further with the analysis of poly-
propylene, let us first consider the largest eigenvalue
method for the simplest, well-known case of polymethy-
lene. This problem was first studied by Volkenstein [2],
Birshtein and Ptitsyn [9] and the detailed analysis of the
method was later presented by Flory [1]. Appendix A shows
a variation of the detailed Volkenstein [2], Birshtein and
Ptitsyn [9], Flory [1] solution of this problem, which might
be useful to better understand the derivation of the similar
solution for stereo regular vinyl chains.

The statistical weight matrix U for polymethylene can be
diagonalized BUA = A where B is the matrix inverse of A,
(B=A""). The probability of having bond i—1 in the £
state and bond i in the 7 state for polymethylene is [1]

1 * i— n—1—i
Pign =Z(J (U720, U 7))) (12)

where U’; ¢, is the matrix obtained from U by striking out all
elements except the element uy,. It can be shown [1,9] that

the largest eigenvalue method (for long chains) leads to a
simple expression for Pz,: [1,9]

Pzy = Biuz, Ay Ay (13)

where 4 is the largest eigenvalue of U, while A,; and By are
elements of matrices A and B=A"" that diagonalize the
statistical weight matrix U, and expressible through
eigenvectors of U [1,9].

For polymethylene there is a single probability P; ¢, of
having bond i —1 in the £ state and bond i in the 7 state. In
the case of a vinyl chain there are two types of probabilities
P, and P, with the subscript a referring to the CHR —
CH, bond, and subscript b corresponding to the CH, — CHR
bond [1]. These two kinds of probabilities P, and Py
exist in general for any polymer of the type (AB),, in
particular for the polyoxymethylene (POM), studied in
detail the by the largest eigenvalue method by Flory [1] or
for polydimethylsiloxane (PDMS) [5]. The symmetry
between the gauche® and gauche™ states for polyoxy-
methylene chains was used in these analyses. This
symmetry is manifested in matrices U, and U, for POM
chains (see Eq. (3)).

The use of this symmetry simplifies the solution of the
eigenvalue problem. The partition function is [1]

Z=Jur"y (14)
where
u? =U,U, (15)

By abolishing the distinction between the g* and g~
states the matrix U® can be reduced to the 2 X2 form: [1]

) 1+20 2(c+d%pB)
u? = (16)
1 +oa 20+d°aB
with
o=y, to, (17)
8=y, +w, (18)

The eigenvalues of the matrix U?® are then given by
relatively simple formula [1]

A = % {(1 + 40+ o’aB) + /(1 — o?aB)? + 8a(1 + oa)(1 + aﬁ)]
(19)

The first order a priori probabilities of gauche and trans
states and the second order a priori probabilities for pairs of
rotational states are then given in terms of algebraic
equation containing the eigenvalues A{% and its various
derivatives. These equations can be found in Flory’s book
[1] or (in reference to the PDMS chains) in the paper by
Kloczkowski, Sharaf and Mark [5], where the analytical
solution of the eigenvalue problem was used in the Monte-
Carlo generation of long PDMS chains. The probabilities
P,. and Pbi‘s" are, however, not given in an explicit form

i&n
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but as a set of equations based on the symmetry between two
gauche states.

In general, however, such a simplifying symmetry may
not exist as in the case of the asymmetric vinyl chains. For
polymers such as polypropylene, the corresponding
matrices given by Egs. (4)—(6) are clearly non-symmetric
with respect to the elements g and g~. This non-
symmetricalness requires the general solution of the
eigenvalue problem without the symmetry simplification
used for POM chains. Below we provide the exact analytical
solution of this problem for stereo-regular polymer chains.

The probabilities P, and P, = are given by the
following formula:

1 % i— x—1—i
Gigg Z ({J [U(Z)]( I)Ulllz:énUbi [U(Z)]( 1 )}J) (20)
and
1 % i— x—1—i
Pry = VA ({J ey I)U“isz‘sn et )}J) @

where U, and U, = denote the matrices U, and U,
respectively, with all elements stricken out except the
elements u, ¢, (or u,g,), and U(2)=UuUb. The subscript i,
which labels the position of the given dyad in the chain
sequence, can be dropped off in the limit of the infinitely
long chains when the largest eigenvalue method is
applicable. If the matrix U® is diagonalized

BU%A = A (22)

where B=A "' then the we can write the probabilities P,
and Py, as

1 * i— x—1—i
Pusy =Z({J AA"VBU,;, U,AA""7OB}J) (23)
and

1 * (i—1) ! (x—1—1i)
Pozy =~ (I AA"VBU, U, AA B}J) (24)

It can be shown (see Appendix B for details) that by
applying the largest eigenvalue method the probability P,
can be written as '

1
Pugy = N (Bizutyznl Ayt 1 + Agyity p + Azyuty31)  (25)
The equation for P,:, (see Appendix B for details)
becomes

Py = %1 (upznAni[Biitig 1z + Biotgoz + Bisugsz])  (26)

The above equation looks similar to Eq. (25) for P, z,.
The difference between Eqs. (25) and (26) is due only to the
replacement of elements of matrices A and U, by the
transposed elements of matrices B and U, respectively. It
can be proved that for symmetric polymer chains of the type
(AB),, the solution given by Egs. (25) and (26) is equivalent
to the known solution of the largest eigenvalue problem for

polyoxymethylene (POM) [1] or PDMS [5] given as a set of
equations using the symmetry between two gauche states.
Instead of a tedious analytical proof, it is straightforward to
reproduce all numerical results obtained in reference [5] for
PDMS using the probabilities given by Eqgs. (25) and (26).

From the two-bond probabilities P, ¢, and P, we can
calculate single-bond probabilities

e

Piy=> Puz 27)
£=1
and
3
Ppy = Py (28)
=1
and conditional probabilities
P,
dagn = (29)
and
Ppn
Abin = 5 (30)
n Pb,E

The conditional probabilities can be used for a very
efficient Monte-Carlo generation of long polymer chains
[4,5]. We have applied this method to calculate elastic
properties of stereo regular polypropylene chains within the
framework of the theory of Mark and Curro [6,7]. We
should note that our model neglects all long range
interactions, and, therefore, chains are almost phantom-like.

4. Calculation of elastic properties of polypropylene
chains

To illustrate the application of the above analytical
results we have performed the calculations of elastic
properties of polypropylene chains. We have applied the
method of Mark and Curro [6,7], based on the Monte-Carlo
rotational isomeric state model, to calculate the polymer
elastic properties from the distribution of the end-to-end
vector of polymer chains. It has been shown [4,5] that this
method is also applicable to filled polymers. In the Mark—
Curro theory the distribution P(r) of the end-to-end vector r
obtained from Monte-Carlo simulations is directly related to
the Helmholtz free energy A(r) of a chain

A(r) = ¢ — kT In P(r) 31)

where ¢ is a constant. The application of the three-chain
model leads to the following expression for the elastic free
energy change during the deformation of the network as a
function of elongation ratio «

AA = %([A(Voa) + A(rga™ ") = 3A3rp)]) (32)
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Here v is the number chains in the network and rg is the
root-mean-square end-to-end vector of network chains. The
simplifying assumption of affine deformation of the network
chains was used in the derivation of Eq. (32).

The nominal stress f defined as the elastic force at
equilibrium per unit cross-sectional area of the sample in the
undeformed state is

. 0AA
f= _T<—a ) (33)
o Jr
and, therefore
. vkTr, _ _
f===571G ) — o« G () (34)

where G(r)=In P(r), and G'(r) denotes the derivative
dG/dr. In the past we have successfully used this
methodology to calculate the elastic properties of both
unfilled and filled polymethylene and polydimethylsiloxane
materials [4,5]. Here we apply the same methodology to
stereo-regular chains of polypropylene. We are especially
interested in comparison of elastic properties of isotactic
and syndiotactic chains.

There are several different rotational isomeric state
models of polypropylene (PP) which differ in the number of
rotational states assumed for PP chains [10-15]. The first PP
model was proposed by Flory and co-workers was based on
three rotational states [13]. There are also more accurate
models of polypropylene involving five rotational states
developed by Suter and Flory [8], or even nine states (Boyd
and Breitling) [11]. The three-state model with proper
parametrization [12] has been, however, successfully used
for calculations of various properties of the polypropylene
chains. In the present work we use the simplest three-state
RIS model of PP chain proposed by Tonelli, Abe and Flory
in 1970 [13]. In their model, the authors assumed the
following values of the RIS parameters (in Egs. (4)—(6)):

n=1.0 (35)
7=0.5

w = 0-0.05

7 =10

The above values of rotational parameters for PP
correspond to the temperature 481 K.

Bond length of C—C bonds was assumed to be 1.53 Aand
the valence angles:

C-CH,-C 112’ (36)
CH,-C-CH, 112

C-C-H 106.8

H-C-H 109

and torsion angles for different rotational states

t 180 — A¢ (37)
gt 60" —A¢
g~ —60

with A¢p=0, 10 or 20°.

We have used the same values of RIS parameters for PP
with A¢p=0 and w=0.05.

We have generated 500,000 chains for each of the two
cases (isotactic PP, syndiotactic PP) for varying lengths of
the chains. We have studied PP chains of 100, 150 and 200
bonds long. The simulations of PP chains were based on
bond probabilities and conditional probabilities obtained
with the largest eigenvalue method from Egs. (25)-(30).

Fig. 1 shows the end-to-end vector distribution functions
for isotactic polypropylene. We note that the results for
isotactic-p and isotactic-L polypropylene are indistinguish-
able from each other due to the chain symmetry. We have
performed statistical analysis of errors in Monte-Carlo
results by running simulations five times (2,500,000
generated chains) and calculating averages and variances
(¢%) for all points in Fig. 1. The calculated error bars were
too small to show them in Fig. 1. For example, the largest
value of ¢ (corresponding to the maximum of the curve for
n=150) in Fig. 1 was 0.00065.

The similar plots for syndiotactic polypropylene are
shown in Fig. 2. The end-to-end distance in Figs. 1 and 2 is
normalized by nl, where n is the number of skeletal bonds
and / is bond length.

The characteristic feature of both graphs is that with the
increasing number of bonds the maximum of distribution
curves moves towards smaller values of r/nl. Additionally,
syndiotactic chains have a maximum in the end-to-end
distribution function at larger values of r/nl than isotactic

0.30
0.25 - —»— n=100
—7— n=150
—a— n=200
0.20
= 0.15 |
o
0.10
0.05 -
0.00 T T T T ]
0.0 01 02 03 0.4 05 06

rinl

Fig. 1. The distribution function of the end-to-end vector for isotactic PP
chains of length 100, 150, and 200 bonds.
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0.20
0.15 4
= 0.0 A
o
0.05 -
0.00 . . * -—n
00 02 0.4 06 08

rinl

Fig. 2. The distribution function of the end-to-end vector for syndiotactic
PP chains of length 100, 150, and 200 bonds.

chains. This is clearly visible in Fig. 3 that compares
distribution functions of isotactic and syndiotactic chains of
100 bonds.

This behavior of syndiotactic chains is easily explain-
able. The distribution function of syndiotactic PP is shifted
towards larger values of r/nl than that of isotactic PP
because the most extended all-frans conformations are
preferred for syndiotactic polymers.

Figs. 4 and 5 show the nominal stress f~ calculated from
Eq. (34) for isotactic and syndiotactic PP chains, respect-
ively, as a function of the extension ratio « for varying
length of chains. It is interesting that the nominal stress of
syndiotactic PP chains shows significantly larger depen-
dence on the length of the chain than that of isotactic PP.

Fig. 6 compares the variation of nominal stress f with
extension ratio « of isotactic and syndiotactic chains
composed of 100 bonds.

The significantly larger upward plot of the nominal stress
for syndiotactic PP chains can be explained by the fact that
syndiotactic conformations are already highly extended,

0.20

0.18

0.6 4

P()

—#— Isotactic-D
—o— Syndiotactic

0.04 4

0.02 4

0.00 T r y
0.0 02 04 0B 08

rinl

Fig. 3. The end-to-end vector distribution function of isotactic and
syndiotactic PP chains of 100 bonds.

Fig. 4. Nominal stress f for isotactic PP chains as a function of the
extension ratio « for chains of length 100, 150, and 200 bonds.

and, therefore, the further elongation of such chains requires
larger force than for isotactic chains.

Figs. 7 and 8 show Mooney-Rivlin plots of the reduced
stress (modulus) [f*]

[f]=—72 (33)

for isotactic and syndiotactic PP chains, respectively, as a
function of reciprocal the extension ratio « for chains of
length 100, 150, and 200 bonds.

Fig. 9 compares plots of the reduced stress [f] as a
function of o~ ' for isotactic and syndiotactic PP chains of
length 100 bonds. These results suggest that the Mooney—
Rivlin semi-empirical formula

[f'1=2C, +2Ca™" (39)

where C; and C, are empirical constants independent of
elongation «, is more applicable to isotactic PP chains in

25

Fig. 5. Nominal stress /* for syndiotactic PP chains as a function of the
extension ratio « for chains of length 100, 150, and 200 bonds.
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25
2.0 4
—e— Isotactic-D
—o— Syndiotactic
1.5 4
&
;
1.0 4
0.5 4
(1} T T T T
1.0 1.1 1.2 13 14 15

Fig. 6. Nominal stress f~ for isotactic and syndiotactic PP chains of length
100 bonds as a function of the extension ratio a.

Fig. 9 (for which the plot is almost linear) than to
syndiotactic PP chains.

5. Discussion

The present study shows that the analytical solution
of the largest eigenvalue problem for stereo regular
chains is immediately applicable for theoretical studies
of various properties of vinyl chains. We will continue
to study this problem in the future. Our future work will
concentrate on comparative analysis of elastic properties
of different stereo-regular networks in filled rubbers and
nanocomposites. The future research will be also
focused on possible extension of the present approach
to atactic vinyl chains and to RIS models with larger
number of rotational states.

1.2
1.1 4
.
“e 1.0 4
7
—— n=100
0.9 A —— n=150
—a— n=200
0.2 r - T . T T
0.70 075 0.30 085 0s0 0.95

-1
oL

Fig. 7. The reduced stress [f] as a function of a ' for isotactic PP chains of
length 100, 150, and 200 bonds.

30
2.5 A
—— n=100
20 1e —— n=150
—a— n=200
o 15

10
W

05 4 k‘\‘\“‘

00 v T T T T
070 a.75 0.80 D85 030 095 1.00

-1
o

Fig. 8. The reduced stress [f'] as a function of o~ for syndiotactic PP
chains of length 100, 150, and 200 bonds.

Appendix A

The largest eigenvalue method for polymethylene

The equation for the partition function for a simple chain
composed of identical units, such as polymethylene is

Z=Jur?J (A1)

where n is the number of monomer units. The matrix U in
Eq. (9) can be diagonalized

BUA = A (A2)
where B is the matrix inverse of A
B=A"! (A3)

and A is the matrix containing eigenvalues on the diagonal.
In the case of three rotational states (in general we may have
v rotational states),

30

25 A

20 + —=— |sotactic-D
—o— Syndiotactic

0.0

070 075 0.80 0.8s 0.so 095 1.00
-1
o
Fig. 9. The reduced stress [f] as a function of o~ for isotactic and
syndiotactic PP chains of length 100 bonds.
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A 0 0
A=[0 2 0 (A4)
0 0 i

In order to understand the more complicated case of
polypropylene it is worth looking into the detailed algebraic
calculation of the partition function for polymethylene. The
partition function in this case becomes:

Z=JAA"BJ (A5)
The term J'AA” 2 can be written
An Ap A [MT7 00
JAA"™ =1 0 0]|Ay Ap An|| 0 X2 0
Az An As 0 0 n?
20 0
=[A; Ap Al 0 472 0
0 0 a2
= [AnN? AT AT
(A6)

The term BJ on the other hand is
- 3 -
> By
n=1
3
> By, (A7)
n=1
3
ZBM
L n=1 J
The product of the two vectors given in Egs. (A6) and
(A7) (which can be easily generalized to v rotational states)

leads to the following expression for the partition function
of the polymethylene chain [1]

=1 n=1

For long chains in the limit n— oo the largest eigenvalue 4,
gives the major contribution to the above summation and the
partition function can be approximated by

By B, B3| [l
B.] = 321 322 323 1 =
By By By L1

Z :AIIZBI‘IJAI (A9)

n=I
The probability of having bond i — 1 in the & state and bond i
in the 7 state for polymethylene is [1]

1 * i— n—1—i
Pigy = (U UL, U 0) (A10)

where U’; ¢, is the matrix obtained from U by striking out all
elements except the element u;,. The dummy subscript i in
U’; -, indicating the position of the bond in the chain will be

neglected in the further analysis. Eq. (A10) can be rewritten
in terms of matrices A, B and A as

P,

1 * i— n—1—i
e =Z(J [AA"PBUL,AA""'7"B]J) (A1l)

In the above product the term on the left J’AA’ 2 is similar
to that calculated in Eq. (A6), while the last product on the
right BJ was calculated earlier in Eq. (A7). The only
difference between Eqs. (All) and (AS) is (besides the
factor 1/Z) the product of matrices BU';, AA” "' ™" in the
middle.

The product BU',, is given by the matrix composed of
the vector

Bzug,
Byzuz,

Bszuz,
in the n-th column and vectors

0
0
0

in all other columns. This can be checked directly, for
example

0 Upn 0

By By By | |0 0 0

B3y By By lLO 00

0 B11M12 0
=10 Byup 0 (A12)
0 Bzup 0

The product AA", where the abbreviation

N=n—1—i (A13)
is introduced to simplify the notation becomes:

Ay A Ap[A 000

AAY = |Ay Ay An |l O A 0

LAz An Al o o A

(AN ApdY AAY

= [AnA) ApdY AyuA (Al4)
(A3 2 Apky ApdY

If the largest eigenvalue is 4;, then eigenvalues A, and A5 can
be set to zero in the limit n— o to simplify calculations.
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With this simplification

ApAdY 0 0
AAY = (A4, 0 0 (A15)
Ay 0 0

and the product BU';,AA" becomes:
Bizuz Ay 00

BU,,AAY = | Bysuz, A2y 00 (A16)
Basuz, Ay Ay 00

Additionally if eigenvalues A, and A5 are set to zero we
have

JAA™ =[4,472 0 0] (A17)
and the expression the probability Pz, becomes

1 . .
Poy=— (1" [AA"BUL,AA" ' TBI))

r o3 -

D By

BizuzAy X' 7000 ”?1
1 ; —1-i
= | [And? 0 0] | BrzuzyA2i™™ 00 > By,
. n=1
Bz Ay X770 0 0] | 3

23371

L n=1 J

3
AllBl:fugnAnlA'll_:% ZBI,,,

L n=1

N|—

(A18)

Substituting Z by expression given in Eq. (AS5) leads
finally to [1,9]:

Py = Bizuz, Ay Ay (A19)

Appendix B

The solution of the eigenvalue problem for stereo-regular
vinyl chains

The diagonalization of the matrix U leads to
BU%A = A (B1)

where B=A """ and A is the matrix containing eigenvalues
on the diagonal and zeros off-diagonal. The probabilities
P, and P, are defined as

P :l(J*AAU—“BU’ U,AA“"'""B})) (B2)

atn 7 atn

and
1 : 4
Pz = (1" AAVBU, U, AAYVBL)) (B3)

The part of the product JJAAY™" is similar to that
derived for the polymethylene chain (in Appendix A), if we
neglect and set to zero eigenvalues A, and A; which are
smaller than A;.

JAATY =4, 0 0] (B4)

Similarly as in Appendix A the product BJ is given by
Eq. (A7). We additionally have to compute the product
BU',:, U, -, AA“"' 77 (and BU’,;, U’/ AACT!170),
Neglecting eigenvalues A and A3, smaller than A; we have

AT 0 00
AA(X*]*i) — AZIA(IX—I—i) 0 0 (BS)
A 87000

The product BU',, -,,, where BU', ,, is the matrix with all
elements of U, set to zero, except the u, ¢, element is similar
to that derived for the polymethylene chain (Appendix A)
and it is a matrix composed of the vector

in the n-th column and vectors

in two other columns. The only difference between the case
of the polymethylene and stereo-regular polypropylene is an
additional factor U, on the right in the product of matrices.

We also have to calculate the product BU', £, U;, ¢,,. It can
be shown that

BU,;,U,:,

atn
Bizutgyttp i BizUa gl o Bizltaznlty s
= | BosUazntp i Bozltaznlyp  Bozllg gyt 3 (B6)

Bizugeyitp g1 Baglta gl a Bazltaznlty 3
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We can use this result to calculate

Bizutggyitp i Bigla gt Bizltaznlty s
* (-1 _ -1
JAA BUa,EnUb,E'r) = [A“Al 0 O] B2Eua,5nub,nl BZ&”a,in”b,nZ BZ{”a,;’nub,n3

Bizugeqitp g1 Baglt gl a Bazitaznlty
_ (i—1) (i—1) (i—1)
= [AnA T Bizugzgup A2V Brztta gyt ATV Brzitg ity 3 |
4 =D
= AuA\ " Bigttagy [Upm1 Upyy  Upas ] (B7)

The expression for the probability P, is now:

AT 0 07 | 0=t
- L
AN VBt gy [ Wt Wpae Wpas ] [ Ay AYTTD 00 0 Zan

A0 0] | 3

L n=1 i
1 ) 3
=7 Ap A )Blgua,gn(An“b,nl + Ag upp + Az p3) ZBln (B8)
n=1
Because the partition function Z is equal to:
3
Z =A|1A(1X_1)ZB117 (Bg)
n=1
the final expression for the probability P, is
1
Pyry = . (Bizutgznl A1ty 1 + Ayt + Azyity, 31) (B10)
1

The equation for P, can be derived in a similar way. We start from the definition:
Pr, =2 (00100, ), U110y B11)
when written in terms of matrices A and B, it becomes:
Pye, = % (" AA""BU, U, ;, ALY T'BY)) (B12)
Similarly as before (Eq. (B4))
JAAY =14, 0 0]
if the eigenvalues A, and A3, smaller than A; are neglected. Now we introduce a new matrix C defined as a product

C =BU, (B13)

Instead of the product BU’,, ¢, (which we calculated in the derivation of P, ,) we have a similar product CU’;,¢,,. Similarly
as before this matrix product gives a matrix which has in the -th column the vector
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and vectors
0
0
0

in two other columns. '
By multiplying this matrix CU’;¢, by AASTD and
neglecting eigenvalues A, and A3, smaller than A; we obtain

leub,EnAn]A(lx_l_i) 0 0

CUL, AAYT 0 = | Corty iy A 2577 0 0 (B14)
x—1—i
A0 0

Cszuty

The formula for P, ¢, then becomes:

1 leub.fﬂAﬂlAl 0 0 W?l
Poey = Z [A”}{(IFI) 0 0} CosttpzyAyidy 00 2327;
C3Eub,§7]Anl Al 0 0 7]?1

L n=1 i

1 3
_ (—2)
=2 AnA T Crettp enAyy > By,

n=1
(B15)

Since Z is given by Eq. (B9) the final equation for P, ¢,
becomes

1
Pygy = Tl(clfub,snAn]) (B16)

By using the definition of C=BU,, i.e.

Ciz = Byjug iz + Biougo: + Bisug 3 (B17)

we finally obtain

1
Pyry = A_(Mb,EnAnl[Bllua,lg' + Biouy e + Biaug 3])
|
(B18)
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